
 
Primesinanintegralextension

If R E S and S is integral over R we want to knowhow

to compare SpecR to specs

Thmflyingovertgoingup.TT suppose RES is an integral
extension Let P E R be a prime ideal There exists a prime

Q of S w Rh Q P In fact Q can be chosen to

contain any ideal Q that satisfies Rh Q EP

First part is Lying over second is Goingup

Note that this implies that the corresponding map on Spec is

surjective However we do need integrality for this

Ex Define 4 Rft k
xy l

t 1 x

This is injective However The corresponding map on Spec is

hot surjective thenonzeroprimesin kCx y are Pab x a y b

s t ab l Inparticular 4 Pab t t forany a b

Pfofthmi Modding out by Q and RhQ we can assume

Q 0 Thus we just need to show 7 a prime Q of S s t
Rho P



Let U R P Replacing R by Rp and 5 by SCU T
assume R is local w Max11 ideal P

Any max't ideal of 5 containing PS has preimage containing P

and therefore equal to P Thus we just need toshow PS S

If PS S then 1 is an S linear comb of elementsof P
Let S be the subalgebra generated by these coefficients

Then le PS so PS S Since S is integral 112 S is a fg
R module By Nakayama S O which is a contradiction D

From this we obtainthe classical Goingup Theorem which says

If PoEP E Epd is a chain of prime ideals in R F

QoEQ E EQ a chain of prime ideals in S

such that Qi liesover Pi i e Qin R Pi To construct theQi's we

first find Qo Then from thetheorem we can find Q2Qo St Q lies
over P The restfollows inductively

There is also a goingdowntheorem that holds under stronger hypotheses
see ch13

We get a similar result even if we assumethe field of fractions of



the big ring is algebraic over that of thesmaller

terni Let RES be integral domains It k s is algebraic over

K R then any nonzero idealof S intersects R hontrivially

PI Notice it sufficesto prove the lemmafor a principalideal b ES
then b satisfies some eqn anbht ta b tao 0 W aic K R a to

Then we can brultiply through by a common denominator in R and

assume all a ER

Thus aoe b AR D

If we assume inaddition that R is a field then any nonzero ideal
of 5 contains ad of R so in particular it contains 1 Thus S is
a field In fact we have the following

Core If RES are domains and S integral over R then S is a field
iff R is a field

PI We already showed that R a field Sis too

If S is a field take ME 12 a max't ideal Then 7 a prime QES
s t QAR m But Q 0 so m O so R is a field D

Nute that if PES is an ideal then MRAP E is again
an integral extension so the corollaryimplies P is maxist RAPMax't



We can also deduce that two primes that have the same intersection

in R must be incomparable

Ico If R E S is an integral extension then if Q EQ E S are

primes sit QAR Q AR then Q Q

PI Let P QAR Thin is integral over Mp But then
k ke is algebraic over K Mp since is integral over KCMP

and thus its algebraicclosure must be K

So by the Iemma O Q Q D


